A new representation of the Hubbard model in the Clifford algebra specially suited to describe complex many-particle states in simple terms is introduced. The form of the hamiltonian and other relevant observables in the new representation are discussed and several families of nontrivial halffilled states are readily obtained.
Introduction: The Hubbard model
The aim of this paper is to introduce a new representation of a well-known system, the Hubbard model of itinerant electrons moving on a graph [ 1, 2] . This representation is specially suited to obtain compact expressions for many-particle states, among which we find some interesting half-filled states. Our results are valid in any dimension, do not rely on the bipartite character of the graph and are applicable to a somewhat broader class of generalized Hubbard models specified below.
Following the standard conventions [ 1, 2] , we consider a graph L with £ sites and hamiltonian H = T+ V. The kinetic energy operator T is given in second-quantized form by
+ T= E ~ tijci~cja' o'=T,l i,j=!
with tij = t~i and tii = 0 (the nonvanishing hopping matrix elements tij ~ 0 define the edges or bonds connecting pairs of vertices in L), or =T, ~ denote the spin states, c+,, is the creation operator for an electron at site i with spin o-, and the creation and destruction operators satisfy the canonical anticommutation relations For the standard short-range Hubbard model the potential energy is t t t Clr ~2r ...c-~T ~t as usual, and we assume that the states sa# are an orthonormal set determining the Hilbert space structure in 7/ (dim7/= 4t). The time-independent SchrSdinger equation for our hamiltonian reads H~ = E~h, and its solutions admit as quantum numbers the total number of particles, the (square of the) total spin s(s + 1), and its z-component sz, which are
V= EVi(niT -½)(nil-½) =1 EVi(ni -
where S+ = )-~i~=1 c~ci~ and S_ = S +. These operators are generators of the spin algebra g/(2) ~ C{N, Sz,S+,S_} (1.4) with center N, which is a symmetry algebra for the hamiltonian H. Our first task in the next section will be to identify the Fock space with a geometric Hilbert space, namely the exterior algebra over the vector space E of single-particle states. In this context, the compatibility of the system of observables {H, N, Sz, S 2} turns out to be a consequence of the behavior of the exterior algebra with respect to the operation of direct sum of subspaces, and we are able to describe explicitly the reduction of H in terms of the Lie algebra gl(e). This analysis of the Hubbard model in the frame of standard representation theory [3] provides the basics for the main result of the paper, a new representation in which half the variables are eliminated and the states become operators in a Clifford algebra. This is accomplished in Section 3, where the corresponding expressions for the main observables (including the hamiltonian) are derived with an invariant (i.e., basis-independent) argument. Furthermore, this representation is naturally associated with a decomposition into invariant subspaces under the action of the hamiltonian (roughly, the concepts of spin-up and spin-down are replaced by pairs and holes) whose relation to the usual formulation is discussed. Finally, in Section 4, we show the advantages of treating more symmetrically observables and states by deriving a few direct consequences: the structure of the Schr0dinger equation in this representation immediately suggests several families of nontrivial half-filled states which are superpositions of states with one hole and one pair. Some of these states seem to play a major role as building blocks for more general half-filled states.
Representation theory
The starting point of our discussion is the fact that the abstract Fock space ~ can be conveniently identified with the exterior algebra A(E) = ~)2x_~_o Ai(E) of the space E of single-particle states (dimE = 2~) with scalar product given by
where (ui, vj) is the scalar product in E [4] . For each vector u E E there exists an exterior-multiplication operator (also denoted by u) defined by
u : ~ E A(E) --* u~ = u A~ E A(E)
and an inner-derivation operator denoted a/au and defined by 0_~ = (u,~:) ~: e AI(E), au d a~
and zero on A°(E). It is easy to check that O/Ou = u + with respect to the scalar product (2.1). Let us consider now the decomposition of the single-particle space E into spinup and spin-down subspaces, E = E T ® E l, ETZE 1, dimE T = dimE 1 = g, and pick orthonormal bases 
ne). Oxj i,j=l
Due to the symmetric way in which the Hubbard model treats spin-up and spin-down, the hamiltonian belongs to the enveloping algebra of the Lie algebra gl(g), and the space A(E) = A(E T @ E 1) is a module of gl(g): to each g × g matrix a one can assign the operator
where ~u = a u T + a u 1, u = u r + u 1, is the decomposition associated to E = E r @ E 1, and both E T and E l are identified with C e. This action corresponds to the general linear group GL(g) action
ul A... A un ~ (gul) A ... A (gun),
where the element g E GL(g) is represented as gu = gu T + gu 1. The explicit isomorphism with C e furnished by the bases (2.3) and (2.4) assigns to the matrix a = (a/j) the operator
and, in particular, the kinetic-energy and number operators ni are represented by the matrices t = (tij) and Eli (the elementary matrix with 1 at the ii entry and zero elsewhere). The operator associated to the elementary matrix Eij will be denoted srij.
We can see now that the existence of the above-mentioned quantum numbers for the hamiltonian is a consequence of the fundamental property of A, its behavior with respect to the operation of direct sum of subspaces. The isomorphism
A(E T @ Et) ~ A(E T) ® A(EI)
induces a decomposition is a multiple of the identity on each one. This operator can be written as a function of the total spin operator S and the number of particles operator N: a = S ~ + ¼N ~ -(~e+ 1) N, so the irreducible subspaces are indexed by the total spin s. It is a standard result in representation theory [ 3] that these irreducible subspaces can be equally described as the kernels of the spin operator S+ for M >i-N, a fact observed in Ref. [5] for the solutions of the Bethe ansatz in the one-dimensional Hubbard model. We have thus obtained a quite explicit description of the reduction of H in terms of the representations of the Lie algebra gl(t).
The Clifford algebra
The space of states admits a second realization which leads to a different description of the Hubbard model. Since E t ~ E~ via the scalar product, one obtains the isomorphism
A(E) ~ A(Et) ® A(EI) ~ A(ET) ®
the Clifford algebra of the space C ~, i.e., the space of linear transformations of A(C e) [3] . Our next goal is to obtain an explicit isomorphism such that the action of the hamiltonian be as simple as possible. 
Oxe Ox~
The scalar product in C(£) is fixed by declaring the basis x~/2+x/~ orthonormal, so that (X, Y) = tr(X+Y). The idea of eliminating one of the species of spins has been previously applied by Lieb [6] , who used the matrix form of the hamiltonian in the basis x '~ ® x/~ to prove two theorems on the spin of the ground state of the Hubbard model. We add to this use of spinless fermions the new representation just defined, which is the key ingredient to write in a simple way complex many-particle states.
To calculate the form of the hamiltonian in the Hilbert space C(g) it is enough to study the behavior of the representation of gl(£) under the isomorphism just defined since, as we said in Section 2, the Hubbard hamiltonian belongs to the enveloping algebra of gl(f). Such form is determined by the commutativity of the following diagram: Considering the natural inclusion gl(g) C C (2) , this operator in turn can be rewritten
which differs from the natural action of gl(g) by a multiple of the identity associated to the trace of a. As a consequence, the action of the Hubbard hamiltonian on an element
where K represents the matrix tij, i.e., 
N(X) = [n,X] + eX.
The action of Sz is also straightforward:
Sz(X) = ~ (nX + Xn-gX).
The form of the third generator, S+, is more involved and requires a brief calculation. 
The action of S+ on a state x~y # C A(C 2e) is

S+(xay B) = ~ xi ay'--~x y# = ~ x xi~iYi y13,
I'AB(P~)=C{x°t~X~, ]ot[=A, ,t~I=B }, ( C(g) = (~ FAB(g).
A
,B--O
A state X E Fag(g) has A -B + g particles, since 
A=S2+~
The operator
S+ : FAB(g) --~ FA+I,B+I(g),
and the maximum weight vectors in C(g) are
which for P I> Q are the dominant vectors in the old representation xl ... xpyl ... yQ up to a sign. A problem of obvious physical interest is the projection of the vectors in C(g) into their spin components, which can be carried out with the decomposition A(C e) = ~)~=0 ak(ce)"
The eigenvalues of the operator (3.2) (i.e., the number operator for spinless fermions with states in A(Ce), not to be confused with the total number of particles in the system) are 0, 1,2 ..... g and its minimum polynomial is n(n-1)(n-2)... 
That is to say, X~b is a state with (a -b + g) particles and ½(a + b -g) third spin component.
Elementary states
In this section we draw a few direct consequences of the Clifford algebra representation. In particular we will see how this representation suggests several families of nontrivial half-filled states. Hereafter we set all the coefficients V/ equal to U and omit the constant term, so that the Schr6dinger equation for the Hubbard hamiltonian becomes
A first simple observation is that any function of n is trivially a half-filled state with zero energy, whose third spin component can be seen with the (g+ 1 ) projections Pa (n) defined above. Since Sz (Pa) = l(2a-g)Pa, the projection Pa(n) has spin (a-½g), It has zero kinetic energy, and U potential energy (i.e., V(K) = UK) since it is a superposition of states with one pair and one hole. The state K is therefore a half-filled eigenstate of the hamiltonian with total energy U,
H(K) = UK.
This result is valid independently of the structure of the hopping matrix t, the dimension of the lattice, or its bipartite character, i.e., the 7/symmetry introduced by Yang [7, 8] .
The state K is a particular instance of a more general family of eigenstates with the same energy U: since for any matrix a = (aij) one has the commutation rule In certain cases one can give an explicit description of the matrices in the centralizer of t with vanishing diagonal entries. The simplest examples arise in connection with periodic lattices that for our purposes can be conveniently described in terms of the tensor product commutes with t and (unless all the mj vanish) has zeros in the diagonal for 0 <~ mj << gj -1. By the previous construction, this family of matrices determine a corresponding family of eigenstates of the hamiltonian which are superpositions of states with one pair and one hole separated by a constant number of links (rnl in the first direction, m2 in the second direction, etc.) A typical example with ml = 1 and m2 = 3 is presented in Fig. lb . Similar states with "low-hole doping" have been studied in the context of high-temperature superconductivity [9] .
